Pion Double Charge exchange (DCX) scattering off a nuclear target at threshold, is calculated within the framework of Heavy Baryon Chiral Perturbation Theory (HBChPT) to one loop. An estimate for the (2-nucleon) 1-loop correction is obtained in the static limit and using an impulse approximation. We find a small (1.6%) increase relative to the leading order tree graphs.
Introduction
The effective field theory used most extensively, to study QCD at low energies, is generically referred to as Chiral Perturbation Theory (ChPT). With the inclusion of baryons, the effective theory is called Baryon ChPT (BChPT), whose nonrelativistic limit (with respect to the baryons) is referred to as Heavy BChPT (HBChPT). So far, within HBChPT, multi-nucleon (or nuclear) processes (with arbitrary number of pions) have been considered up to the tree level with one-loop corrections at the single-nucleon level [1, 2] . In this paper, we perform a 2-nucleon-1-loop calculation (involving pion loops with the pions being emitted and absorbed at different nucleons), which we believe has not been done before.
The goal in this paper is to determine the size of the 1-loop contributions to pion Double Charge Exchange (DCX) scattering at threshold in a nuclear target relative to the tree graphs, in the framework of HBChPT. The motivation is the fact that sizable 1-loop (pion) contributions to π − π scattering and π-N scattering were obtained in the framework of (HB)ChPT by previous authors ( [3] , [4] ). So, it's natural to ask what happens if one performs a 2-nucleon calculation involving pions in HBChPT to one loop.
The 2-nucleon process considered is pion DCX:
where the nucleons are in bound nuclear states. We consider only transitions to the DIAS (≡ Double Isobaric Analog States) ( [5] and references therein), e.g. 14 C(π + , π − ) 14 O (DIAS). The DIAS is that (normalized) state obtained by operating with I + I + on the target ground state, where I is the total isospin operator. The DCX contribution is much smaller that elastic scattering ( 14 C→ 14 C) because while the former involves only the valence nucleons, the latter involves a coherent scattering of the core and the valence nucleons.
The reason for considering DCX is because it is of interest to evaluate the contribution of the dominant double-scattering tree graph, as well as to evaluate the meson exchange current (MEC) contribution to DCX, which though less than double-scattering, is not all that small. (At a a certain kinematic point, at threshold, it is shown that the MEC contribution is roughly three-quarters of the double-scattering tree graph).
In Section 2, we discuss the basics of single-nucleon HBChPT and a chiral power counting rule due to Weinberg. In Section 3, we discuss the ap-proximations involved in getting (analytical and numerical) estimates of the amplitudes for the tree and 1-loop graphs. The relevant tree graphs are evaluated in the framework of HBChPT and compared to an earlier calculation. There is a brief discussion of recoil graphs, which we do not actually evaluate because they are at least 1 m -suppressed. In Section 4, we evaluate the 1-loop corrections to the tree graphs of Section 3. We then make numerical estimate of the finite parts of the 1-loop graphs, and make comparison with the tree graphs of Section 3. In Section 5, we discuss the renormalization of the 1-loop graphs of Section 4 using 2π -2nucleon contact terms. Section 6 has the conclusions and discussions on the DCX problem. There are two appendices. Appendix A discusses the vertices (A.1) and combinatoric factors (A.2) for the 1-loop π-NN graphs and Appendix B discusses the various 1-loop integrals relevant to the DCX 1-loop calculation.
Single Nucleon Basics and Chiral Counting
In this section, we discuss the basics of HBChPT at the single-nucleon level that will be required later in the paper. A chiral power counting rule given by Weinberg that will be used to determine the (overall) chiral order of the tree and 1-loop graphs is also discussed.
The leading order (LO) HBChPT Lagrangian that will be used in the calculations of the LO tree and and 1-loop graphs is given by:
where g 0 A ≡ axial-vector coupling constant and F 0 π ≡ pion-decay constant in the chiral limit (indicated by a 0 as a superscripts over g A , F π ). The trace in the nucleon isospin space is denoted by in (2). The HBChPT Lagrangian is written in terms of the "upper component" H and its covariant adjointH, exponentially parametrized matrix-valued meson fields U, u ≡ √ U , baryon ("v µ , S ν ") and pion-field-dependent ("D µ , u ν , χ ± ") building blocks defined below:
where ψ is the Dirac spinor and m is the nucleon mass;
where τ are the nucleon isospin generators;
. The mπ −NN vertices, m = 1, 3, are constructed from the Yukawa term:
(where the superscript on u µ represents the powers of the pion field). The 2π −NN vertex is constructed from the Dirac term:
(where the superscripts on D µ and Γ µ represent the powers of the pion field). The four-pion vertex is constructed from the non-linear sigma model Lagrangian ≡ LO ChPT Lagrangian:
For details, refer to Appendix A. For the purpose of numerical calculation, the 1-loop renormalized values of the axial-vector coupling constant and pion-decay constant (which are also used in the analytical expressions for the tree and 1-loop graphs later in the paper) will be used (See end of 3.2)
where M π is the pion mass. An old form of chiral Lagrangian that predates QCD was given by Olsson and Turner (OT) ( [6] ). It consists of the minimum number of derivatives of the pion and nucleon fields. For the purpose of comparing the tree results of Section 2 obtained using HBChPT with those obtained in [5] using the OT Lagrangian (L OT ) [6] , one must compare L OT with L (HB)ChPT . That is done in Table 1 . For mπ − nNN vertices, "LN Nπ , LN Nπππ and L ππππ " [See [5] ] on the RHS of :
contribute respectrively to m = n = 1; m = 3, n = 1; m = 4, n = 0. In writing OT's Lagrangian in Table 1 , we will be using the Goldberger-Treiman relation:
where g πN is the pseudo-scalar pion-nucleon coupling constant. 
In Table 1 , the expressions in the second column after the "→" are obtained by the nonrelativistic reduction of the relativistic bilinears before "→." By comparing the (HB)ChPT Lagrangian with the OT Lagrangian, for (i) m = 3, n = 1, one finds ξ = ; (ii) m = 4, n = 0, one finds on comparing the mass terms, η = − 1 6 . One also finds that LN Nπ and LN Nπππ upon 1 m -reduction equal -HS · u
(1) H and -HS · u (3) H respectively. The extra minus sign can be absorbed in a field redefinition of ψ (and hence H), or one can say that the u µ corresponding to L OT is negative of the one that apears in L (H)BChPT . Besides, all graphs will always involve an even sum of m = 1, n = 1 and m = 3, n = 1 vertices. Therefore the relative minus sign does not matter.
The Weinberg chiral power counting relation (WCPCR, [7] ) is used for a systematic classification of the relevant tree and 1-loop graphs. The relation tells how to determine the overall chiral order of graphs in terms of the total number of incoming or outgoing nucleons (the two are the same because of baryon number conservation), the total number of loops, the chiral order of the vertices, etc, as discussed below. Here is WCPCR:
where ν ≡ overall chiral order of a graph, N ≡ total number of incoming/outgoing nucleons, L ≡ number of loops, C ≡ number of separately connected pieces of the graph, v i ≡ the number of vertices of type i, n i ≡ the number of incoming and outgoing nucleons at the ith vertex and d i ≡ is the number of derivatives or powers of M π . From baryon number conservation, n i ≡ 2 or 0. In Sections 3 and 4, WCPCR will be used to determine the overall chiral order of the tree and 1-loop graphs. The elementary vertices using which the tree and the 1-loop graphs of Sections 2 and 3 have been constructed, are drawn in Fig 1. 
DCX Scattering Amplitudes; Tree Graphs
In this section we discuss the approximations that will be made in evaluation of tree and 1-loop graphs for DCX scattering of pions off a nuclear target, set up the notations and calculate the amplitudes for the (DCX) tree graphs.
Notations and Approximations
The scattering matrix element S f i is defined as:
In (13), the nuclear scattering amplitude M is defined as the matrix element of a two-body operator T :
where we assume a target with 2n+ isoscalar core (I = 1, I 3 = −1); then the DIAS has 2p+ isoscalar core (I = 1, I 3 = 1). The isospin matrix element in the second line of (14) equals unity, and will be omitted in the following. If p µ 1,2 were the 4-momenta of the incoming nucleons, p µ 3,4 the 4-momenta of the outgoing nucleons, and q µ 1,2 the 4-momenta of the incoming and outgoing pions (respectively) then
The nucleons are in a relative l = 0 state (l = 0 state being the dominant partial wave for ground states) and hence from Pauli's exclusion principle, the spin of the incoming and outgoing nuclear states must be equal to zero. Hence, from here on, for both tree and 1-loop graphs, we will simplify the structure of the transition operator T assuming that eventually one is going to take it's expectation value with respect to |l = S = 0 nuclear states. The following will be used extensively in the same context.
Following [1, 2] , first, the velocity parameters of the two participating nucleons, are chosen to be the same, and in the static limit, have only a nonvanishing time component (equaling unity), i.e. v (1, 0) ; second, the nucleons will be treated as if they were on-shell (sometimes referred to as impulse approximation). Corrections from the binding energy E B , would appear as powers of
, and because we will be dropping 1 m terms (static limit), we can also drop the binding-energy corrections. In the HBChPT formalism, p 0 denotes only the contribution to the time component of the total nucleon momenta (≡ mv + p), in addition to the rest mass energy m (for the choice of the nucleon velocity to possess only a non-zero time component). In the present case p 0 = E B , which as stated above, we drop. Then if we go to the c.m. frame of the nucleons: For this paper, we will only be evaluating S = 0|T |S = 0 . M is going to be estimated by calculating S = 0|T |S = 0 at a typical point:
where P ≡ p ′ − p. This seems to be a reasonable kinematic point because one knows that the inter-nucleon separation in a nucleus averaged over the nuclear wavefunction is roughly M
where the last line follows because the overlap integral is unity for ψ o ≡ DIAS of ψ i .
Tree Graphs
The connected tree graphs, from the chiral counting law ( In the S-matrix for the nth order term in perturbation theory, S (n) , for (1), [that can be calculated using standard Feynman-diagram techniques] a combinatoric factor f is defined via: 
The amplitudes for the tree graphs are written in terms of Pauli spinors (which are what H andH reduce to in the static limit) and the pionic field
Using also (17) and (21), the amplitudes for the tree graphs are expressed as operators written in terms of 1 and σ
(1) · P σ (2) · P . What follows are expressions for T and S = 0|T (
which using (16) and (18), gives: 
which using (16) and (18), gives:
(c) Double-scattering graph Fig 2c:
Thus, the total tree-graph amplitude is :
(28) The tree graph calculation may be compared with KJ's calculation ( [5] ) of the same using L OT (See (10) and Table 1 ). If one chooses the OT parameters to be "ξ, η"=(
), the expressions obtained by the authors in [5] for the transition operator for the "pion-contact" and "pion-pole" graphs agree with the expressions obtained using (HB)ChPT for "forward scattering," the case considered in this paper. This provides a check on the tree-level calculation using HBChPT.
In this paper, we will not be evaluating the O(q 1,2 ) tree graphs. Around 25 % correction up to next-to-leading order (NLO) π − π vertex and around 15 % correction up to next-to-next-to-leading order (N 2 LO) π-N vertex have already been obtained by using (HB)ChPT ( [3] , [8] ). This information is utilized in this paper by using the 1-loop renormalized values of the axialvector coupling constant and pion decay constant in (9) . Using (12) one can see that the single-nucleon one-loop corrections are of the same chiral order as the O(q 2 ) 2-nucleon tree-and 1-loop graph corrections, and greater than the 2-nucleon one-loop corrections, as will be shown in Section 4.
In the context of s-wave pion DCX, the graphs with at least one s-wave π−NN vertex, are referred to as recoil graphs. They are at least 1 m -suppressed (and hence will not be considered in this paper). This is because the the LO s-wave π−NN vertex is of HBChPT. Loop graphs, in the present context, involve the emission of two or more pions from one nucleon leg and their absorption at another nucleon leg (for multi-nucleon processes). For evaluation of the 1-loop integrals that occur in the 2-nucleon-1-loop graphs, use has been made of dimensional regularization in which the space-time dimension "d" is allowed to vary continuously, and expressions obtained after integration, are expanded around d The leading order connected 2-nucleon 1-loop graphs (for DCX), from (12), are of O(q 2 ) because for these graphs, N = 2,
The vertices corresponding to interaction of even number of pions (two or four for our purpose) with nucleons, are obtained from the Dirac term (7), and the vertices corresponding to interaction of odd number of pions (one or three for our purpose) with nucleons, are obtained from the Yukawa term (6) . The LO(≡O(q 2 )) ChPT Lagrangian (8) , which is the nonlinear σ model, is used for the 4π vertex. However, we do use the renormalized constants (9) , which introduces some corrections of higher order. For details refer to Appendix A.1.
The one-loop amplitudes are written using standard Feynman rules. The combinatoric factors for the 1-loop graphs (calculated in Appendix A.2) and the static limit (17) are also used in writing down the amplitudes. The expressions for the T-matrix elements for the eight one-loop graphs for fixed momenta of the external nucleons legs, are given below. For notational convenience, H neutron (p 1,2 ) is represented as n(p 1,2 ), andH proton (p 3,4 ) is represented asp(p 3,4 ). Including the combinatoric factors "f " of (20), one arrives at the expressions below for T [j] , j = a, ..., h. They are written in a covariant notation except that the two velocities of the two nucleons are chosen to be the same, i.e. v 1 = v 2 ≡ v (as in Section 3) (the combinatoric factors are given first for each diagram and obtained in Appendix A.2).
(a)
Using (17), (29) 
(c)
(d) One can show that the contribution of (d)(1) and (d)(2) (in Fig 3d) are equal, giving an overall factor of 2 :
(e)
(f)
(g)
(h)
The amplitudes for the eight 1-loop graphs are now written in terms of the 11 of the 13 1-loop integrals discussed in equations (B1) − (B3) of Appendix B. They, like the tree graphs of Section 3, are evaluated at (18). The Pauli matrices σ (1), (2) come from the non-relativistic reduction of S
(1),(2) µ . The expressions below are written in terms of Pauli spin operators, and will be evaluated for S = 0|T |S = 0 . For graphs (a) -(f), the spin operator is unity; for (g) and (h), we use (16).
Using dimensional regularization, the "L" in the expressions below is the UV-divergent portions of the loop integrals and is defined by :
where d is the dimension parameter and µ is the renormalization point, which is taken to be of the order of the nucleon mass; we use µ = 1GeV. The momentum loop integrals are then rewritten in terms of the 1-loop integrals of (B1) -(B3): the 2π -propagator integrals are represented by J ππ , J Table 2 . 
Using
one gets:
One thus gets:
Finally, the total 1-loop contribution to the DCX amplitude is given by :
The numerical values of the UV-finite parts of the 1-loop amplitudes and their UV-divergent portions, are given in Table 3 . Hence, comparing (28) and (50), one sees that one gets about a 1.6% increase relative to the tree graphs, after removal of divergent terms (See Section 5). Such a small 1-loop correction strongly suggests the robustness of the tree-level calculation. From Table 3 , one sees that the dominant 1-loop contributions come from graphs (b), (c) and (h). This is probably related to the following observations. First, as is clear from Table 2 , the 1-nucleon-2π-propagator loop integrals dominate over the 2π-propagator integrals. 
Renormalization by Contact Terms
In this section, we will discuss the renormalization of the 1-loop graphs evaluated in Section 4. To cancel the UV divergence in 3+1 dimensional space, one has to look for terms whose contributions precisely cancel the coefficient of the "L" in the (2-nucleon) 1-loop amplitudes. Given the structure of the UV-divergent parts of the 1-loop amplitudes, 2π -2nucleon contact terms of O(q 2 ) should do the job as the correct counter terms, as will become clear from (52) and (53) below.
The contact terms are defined by:
[α ≡ p, I 3 ]. From the expressions for the amplitudes for the eight 1-loop graphs in Section 4, before setting P 2 = q 1 · q 2 = M 2 π , one can show that the UVdivergent terms have the following structures (omitting the overall isospin factor τ
+ from (52))
On taking the Fourier transform of the amplitudes (52), one gets the local forms:
Thus one requires O(q 2 , φ 2 ) 2 π-2 nucleon contact terms with τ
+ τ
+ isospin structure.
For the purpose of renormalization, one needs to consider nine 2π -2nu-cleon contact terms, written in terms of:
The finite parts of the nine and other terms not relevant to DCX, will not contribute, as explained later in this section. One needs to include at least φ or its derivative explicitly as a building block for DCX for the following reason. The φ in (A.2) can be expanded in terms of the generators of the nucleon isospin group as :
where
(τ 1 ± iτ 2 ), and φ + either anihilates π − or creates π + , and φ − either anihilates π + or creates π − . In DCX, a π + goes over to π − , implying that one requires O 1 (x) and O 2 (y) in (51) to consist at least of φ − (x)φ − (y) (or derivatives thereof), or in terms of the isospin generators, τ (1) + τ (2) + , where the superscripts refer to nucleons 1 and 2. Further, using 
one can construct Table 5 for O 1 (x)O 2 (y) relevant to DCX (again omitting τ
+ ) which has to include terms of the type isovector×isovector. 
Note that S · u(x)S · u(y) will not contribute in the static limit and at threshold (See (17)).
The relevant counter terms are listed below:
The coupling constants {α i } have been made dimensionless by construction of the terms. It should be noted that the following five types of UV-finite 2π-2nucleon O(q 2 ) contact terms will also contribute to DCX:
By renormalization of loop-graph integrals, one gets a constraint on a linear combination of the UV-divergent parts of LEC's of the seven of the nine 2π -2nucleon contact counter terms of (56). First one calculates the amplitudes T corresponding to the contact terms of (56). Then, writing α i = α r i + λ i L, (where L was defined in (37)), and comparing with the UVdivergent portion of the total 1-loop amplitude (50) and Table 3 , one gets the following conditions (suppressing the two pairs of Pauli spinors and using (16) - (18)):
(1) spin-independent renormalization (graphs [(a)+...+(f)]):
which on addition gives: Note that the λ 4 , λ 8 terms do not contribute at the kinematic point (18). Because the nucleon-nucleon interaction has a strong short range repulsion, the nucleon-nucleon wave function vanishes at short relative distances [that become relevant due to the δ (3) ( x − y) in the contact terms in (56) and (57)]. Therefore, one does not get any contribution from the 2π -2nu-cleon contact terms as well as the UV-divergent parts of the 1-loop integrals. Hence, only UV-finite parts of the loop integrals contribute to the DCX loop amplitudes after renormalization.
Conclusion
The goal of this paper was to calculate the 2-nucleon amplitudes for the meson exchange current contribution to pion double charge exchange (DCX) scattering off a nuclear target at threshold, to one loop, in the static limit and using impulse approximation, in the framework of HBChPT. The 2-nucleon-1-loop correction is also compared to the leading order tree graphs and 1-nucleon-1-loop graphs, which have been evaluated by previous authors ( [3] , [5] , [9] ).
HBChPT applied to multi-nucleon processes, was used to evaluate the aforementioned 1-loop corrections. The single-nucleon and pure-meson effective chiral Lagrangians were used to evaluate the various vertices. So far in the literature, only 1-nucleon-1-loop corrections have been evaluated using HBChPT. The new work has been to evaluate the 2-nucleon-1-loop graphs. For getting numerical estimate of the 2-nucleon-1-loop correction, the amplitudes are evaluated at a typical point (18).
The 2-nucleon-1-loop graphs give a threshold contribution of about 0.016 relative to the tree graphs at the same kinematics [with (
. Both calculations are done in the static limit and the impulse approximation for the nucleons, and using the renormalized values of the axial-vector coupling, pion-decay constants and the pion mass. The 1-nucleon-1-loop corrections corresponding to the 1-loop corrections to π ± production off a single nucleon or π-nucleon scattering [9] or ππ scattering [3] , are 6-20 times greater than the 2-nucleon-1-loop corrections. Thus, unlike substantial 1-loop corrections to single-nucleon processes, one gets a small correction (increase) relative to the DCX tree graph calculation. As expected, graph 3h is one of the dominant 1-loop contributions because at the tree level, the double-scattering graph gave the maximum contribution. Graphs 3b and 3c are the other dominant 1-loop corrections. These three graphs are proportional to g 2 A > 1. For the purpose of renormalization of the loop graphs, nine 2π -2nucleon contact terms are required, of which seven contribute at the specific kinematic point considered (18) . One gets two constraints on the UV-divergent parts of the LEC's from the renormalization of spin-independent and spin-dependent terms in the 2-nucleon-1-loop amplitudes. Since it is assumed that the nuclear wavefunctions vanish near zero (relative) distance of nucleon separation, the UV-finite parts of all contact terms do not contribute, because of the δ (3) ( x− y) in the contact terms of (56) and (57). If this assumption is incorrect, then up to the order considered [O(q 2 )], one will have nine (seven for the kinematic point (18)) unknown LECs for (56), and five for (57), to be determined empirically.
.
The matrix is written in a space that corresponds to the standard (p/n) isospinors which are implied in the H notation.
A.1 Vertices
The leading order terms in (H)ChPT, written using (A1) and (A2), that are used for the evaluation of mπ −NN(m = 1, 2, 3, 4) and 4-π vertices, are written out.
A.2 Combinatoric Factors for 1-Loop Graphs
The combinatoric factors "f" of (20) Table 5 . 
B 1-Loop Integrals
There are 11 1-loop integrals defined and evaluated in this section. The integrals γ 4,6 do not occur in the 1-loop DCX amplitudes as discussed later. The notations used, though similar to the ones used by [4] and [9] , are slightly different. Four of those integrals are referred to as basic integrals :
2 ) implies that the "external" 4-momentum squared "P
2 " that appears in other integrals, is zero) They are defined below.
with Ω ≡ v · P. The above four integrals are referrred to as "basic" because the integrands have no momentum dependence in their numerators, and are the most basic of 1π propagator, 1-nucleon-1π propagators, 2π propagators and 1-nucleon-2π propagators integrals respectively.
The remaining integrals have momentum dependence in numerators (and hence have a tensorial character), and are defined as:
where alternative numerators in k µ or k µ k ν have been shown in each case. Of the nine, two do not contribute to DCX: γ 4,6 . The reason is that because these two integrals can occur only in graphs (g) and (h) with integrands having numerators of the type S
(1) · kS (2) · k, their coefficients will have at least one S
(1),(2) · v, which vanishes in the static limit. (That is because in the static limit v µ = (1, 0) and S µ = (0,
)) The remaining seven can be rewritten as linear combinations of the four basic integrals of (B1) as explained later.
) and J πN (ω) have already been evaluated in the literature ( [4] , [9] ). The form of γ 0 (ω, Ω, P 2 ) required for DCX has not been evaluated previously.
After evaluating the basic integrals, the remaining 7 of the total of 11(relevant to 1-loop DCX calculations) are evaluated using the following techniques taken froom [9] . Basically, one contracts the Lorentz indices in the definitions of the seven integrals with either v µ or P µ or set µ = ν. In the second case,
One is then able to write a system of linear scalar equations with the seven integrals as the variables, which can be solved to express the seven integrals in terms of the basic integrals defined in (B1).
Those systems of equations are:
All the integrals for the calculation are real, and hence so are all the 1-loop amplitudes. This is because the elastic scattering amplitude becomes real at threshold.
Two further simplifications of the calculation are obtained by the following.
(A) The 3π-propagator integrals that occur in 1-loop graph Fig 7. 2e using (6.3), are of the type :
which can rewritten as :
where M 2 is set equal to M 2 π after differentiation. (B) Use is also made of some identities involving the loop integrals, which are valid only in the static limit and impulse approximation (6.3):
Also we uses the following the identity:
B.1 Basic Integrals
The results after evaluation of the basic integrals of (B1) are given below. (2k)! 2 2k (k!) 2 (2k + 1)
where 
(b) 2π − 1Nucleon − Propagator Integrals
Hence,
2 π γ 0 (ω, Ω, P 2 ) − 2ωγ 1 (ω, Ω, P 2 ) − P 2 γ 2 (ω, Ω, P 2 ) − J πN (ω − Ω) Now,
Thus:
(ii) (iii) (iv) (v) 
